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Question 1 - Convolution Theorem

Let us recall the convolution of two vectors e, f € CV as

(e * f \/7 Z 6lf(] i)(modN)

We also defined the Fourier Transform of a vector v € CV as o, where:

U= \/» Z w ij
We are to prove the convolution theorem:
Claim 1. For anye, f € CV:
(cxf), =& Fr
Proof. Let us start with the left hand side (e*/\f) i
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where the addition of the modN term in the power is due to the periodic property of the sin and
cos functions that compose e* with period of 2, as seen in class and the last transition is with a
change of index of the form j < (j —k)(modN) and realizing each index iterates over the whole range.



Question 2 - Order finding and Factoring
Let us consider Z3; and let us denote it as described in class:
Zsy = (Ga1, “mod21)

Z3, is the group with a set of all natural numbers between 1 and 20 who are co-prime with 21, and
‘mod21 18 the binary operation of multiplication modulo 21. Formally:

Go1 ={k €[1,20] | ged(21,k) = 1} ; VYa,b € Go1 : a mod21 b= a-b mod21
Let us write out Go; explicitly:
Go1 = {1,2,4,5,8,10,11,13, 16,17, 19, 20}

One can see that 1 is the neutral element in Z3; with regards to the defined operation. For each
element x € G, let us consider the following table as required:

x | rp =ordy(x) | is vy even and is z" 2 £ —1 mod21
1 1 no
2 6 yes
4 3 no
5 6 no
8 2 yes
10 6 yes
11 6 yes
13 2 yes
16 3 no
17 6 no
19 6 yes
20 2 no

For elements = € G that satisfy r, is even and 2"+/2 # —1 mod21:

x | a"/? | ged(xm/? —1,21) | ged(x=/? 4+ 1,21)
2 8 7 3
8 8 7 3
10 13 3 7
11 8 7 3
13 13 3 7
19 13 3 7

One can see that |G21| = ¢(21) = 12 (where ¢(n) is Euler’s totient function - a function that
exactly counts the number of elements in Z}). The second table shows there are exactly 6 elements
x € G that satisfy that r, is even and 2"+/2 # —1 mod21. Thus:

. v /2 6 1
Pr(r is even and "/ # —1 mod21) = B=3

with accordance to what we saw in class.



Question 3 - Hadamard Transform over a Subspace
Let A C F§ be a subspace and let us define a new operator ® for z,y € F5:
® : F} x F2 — {0,1}
rOy= ("Zl xiyi>m0dN
i=0

We are to show that:
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where: At ={y e Fy |Vz € A, 31" | z;y; = 0 mod2} Let us start with the LHS:
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At this point, we would like the expression Zyng\AL Y wea(=1)"¥]y) to be summed up to zero. In
order to do so, let us define the transformation T, for y € F3 as follows:

T,: A— {0,1}
n—1
Ty(zx)=z0y= (Z xiyi>m0dN
i=0

Lemma 1. T}, is a linear transformation
Proof. We will show additivity and homogeneity of T}:
e Forv,ue A ,Ty(v+u) =Ty(v) + Ty(u)

Ty(v+tu)= yo(v+u)=

(2 0o+ Yot = (3 o + g Jmo =
i= =

(n 1 yivs )modN + (Z%m)modN T, (v +u) = T, (v) + T, (u)
= =

o ForveF, and a € F, T,(av) = ol (v)
T,(av) =y © av = (nzl yiavi)modN = a(nzl yw,-)modN = o, (v)
pari par



Now, we would like to show that for each y € F3 \ A+, 3 _,(—=1)*®Y|y) = 0, in order to do so
we will use T, and the Rank-Nullity theorem. So, let y € F% \ At and T, to be the corresponding
transformation as defined above. Since y ¢ AL, there exists z € A such that y © x = 1. We will show
that for half of the elements in A it holds that x ©®y = 0 and for the other half it holds that z ©y =1
and thus the resulting expression will sum up to zero as required. Let us recall the Rank-Nullity
theorem:

Theorem 1. For any two vector spaces U,V and a linear transformation T : U — V :
dim(Ker(T)) + dim(Im(T)) = dim(U)
Applying the theorem for T, and A:
dim(Ker(Ty)) + dim(Im(Ty)) = dim(A)
Since dim(Im(T,)) = dim({0,1}) = 1:
dim(Ker(Ty,)) + 1 = dim(A)
Since, A C F%, then |A| = 2%™(4) and so on for every vector space or subspace in F3:

Qdim(Ker(Ty))Jrl _ 2dim(A)

2|Ker(T,)| = |4|

Ker(zy)| = 21

Let us observe that:

and since |Ker(T,)| = 4]
|Ker(Ty)| = |A\ Ker(T,)| = =

Now let us observe that:

SOy = Y (X G0+ Y~y =

yEFF\AL z€A yeFP\AL  2€AzOY=0 zEA
zOy=1
S (S s X=X (X - Y )=
VER\AT B R0 vy verp\At - red s a5
> (IKer(T) ~ A\ Ker(T)[) = > 0=0
yE]Fg'\AL yE]F;"\AL

And recall that:

- - r< S T T T

T€EA yeFP\AL z€A yeAi T€EA
Va2 LV = e 3 D ) =
yeAl €A yeAl T€EA
VA
NV ly) om ﬁ ly) ly)
:;43462141- |A yGZAJ- yGZAL



Lemma 2. For A and At as defined above, |A*| = ﬁ:l
Proof. Let denote B to be the basis of A and k to be its dimension, then:
B= {b()?bla "'7bk71}

let us define matrix 7' C F*™ that the first k rows are the elements of B, and the rest n — k rows are
Zeros:

bo
by
T= br—1
o - 0
_0 O_

From Rank-Nullity theorem:

dim(Fy) = dim(Ker(T)) + Rank(T)
n =dim(Ker(T)) + k
on — 2dim(Ker(T))+k — Qdim(Ker(T))zk — 2dim(Ker(T))‘A|

2" — 2dim(Ker(T))

|A]
Now we will show that ker(T) = At with bidirectional containment:

e ker(T) C AL
Let © € Ker(T), so by Ker(T) definition, T2 = 0. Since the multiplication of the first rows
of T" which are the elements of B, the basis of A, with x, results in zeros, it holds that for any
yeA y'e=0=x0y. Thus, z € A+

o AL C ker(T)
Let € A, so by AL definition, for any y € A, * ® y = 0, and specifically for the elements of
the basis, which are in the first k rows of T. Thus, Tz = 0 and = € Ker(T).

So: n
2" gdim(Ker(T)) _ gdim(A*) _ | g1

Al

For conclusion:
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Question 4 - Addition by Using Quantum Fourier Transform

Let us consider a system of n € N qubits and let N = 2". Let us denote |z) as a basis vector of an
n-qubits system, as in a 2" = NN dimensional vector. Instead of writing out = as a binary string of
length n, let us consider = as a decimal number in the range 0 < z < N — 1 such that each number
represents a different basis vector; i.e. 0 stands for 07, 1 stands for 0" ~'1, 2 represents 0”210 and so
forth.

4.1

In this section we are to implement the following phase shift as a circuit:

x)

2mix

|x) — e~

One can express « in the following manner:

n—1
T = E xn,ka
k=0

where 1, ..., 2, € {0,1}. Thus:

z z n—1 n—1 z n 2
k—n n—Fk k
Noam o= S =) %
N 2 2 2
k=0 k=0 k=1

where the last transition is by a change of summation index and adding the terms in reversed order.
Thus we have that the state |z) can be expressed in terms of z1, ..., 2, in the following manner:

n

[2) = [@122-@nm120) = |o1) © [22) © -+ @ 1) © [20) = @)
j=1

For each z; € {0,1} such that 0 < j < n —1 let us define a corresponding gate by the transformation
T} using the one-qubit phase shift gate with the parameter § = %—jr

1 0
Tj = Use = [ }

27 0 ez

For all §, Uy is unitary since its columns form an orthonormal basis of C? with respect to the usual
inner product. Thus 7T} is unitary.

Lemma 3. Let z; € {0,1} such that 0 < j <n—1. Then Tj|z;) = e%xﬂxﬁ,
Proof. Let us apply T on |z;). If z; = 0:
1 0 1 1 pLIN
Tj|.1‘j> = Tj|0> = Ug‘()) = |:O 27ri:| [0:| = [0:| = |()> — e 27 ‘0}

Ifz; =1:

1 0 0 2mi 2mi
Tilej) = T3 = Uz |) = {0 ] [ﬂ - [ } =ew 1) =ew 1)



Using that, let us define:
n
T=QR7T; =TT 0T, 18T,
j=1
This gate is of course unitary, as it is composed of n unitary gates.
Claim 2. Let 0 <x < N — 1. Then T|z) = €™~ |z)

Proof. By properties of the Kronecker product, the above representation of x and the above lemma
we have:

T|z) = ®T ®|xJ =

: ] 1

(T1 Ty @ - Ty 1 ®Tn) (Iw1> R |T2) @ @ |Tp_1) ® |xn>) =

n
Q) = @7 le) = [T @ = 7 50 -
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62772'%\', |x>

4.2

In this section we are to implement the transformation as a circuit:
|x) = |z + 1(modN))

Using the transformation 7" defined in the last section, let us observe the following circuit:

+1 dN
©  orr - QFT—1] Lo M)

Claim 3. Let F be the Quantum Fourier Transform over Zy. Let us define ¢ = FLTFN and let
0<ax <N —1. Then v is unitary and p|x) = |z + 1(modN)).

Proof.
Lemma 4. For all unitary matrices U,V € CF*¥ the matriz UV is also unitary.

Proof. Let U,V € CF*F be two unitary matrices. Since they’re unitary, we have:
UU' = Iixi 3 VVT = L

Thus:
UVOV) =0VvVIUN = ULy Ut = UUT = Ty
O

By the lemma and the definition of ¢ we have that v is unitary. To prove the second part, let us
consider each transition in :



1. We first start out with our vector |z) that we apply a QFT to. Thus, by the definition of QFT
as we saw in class:

2. After the QFT, we apply the transformation 7" on the result and get (by the claim proven about
the transformation T):
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where the penultimate transition is due to the periodic property of the sin and cos functions
that compose e’ with period of 27, as seen in class.

3. Finally we apply the inverse QFT and get (by definition) :

(T+1)(modN)
F{TFy|z) = ¢|z) = Z Uly) = |z + 1(modN))



Question 5 - A different Fourier Transform

Let us consider a system of n € N qutrits and let N = 3™. In this question we are to consider the
Fourier Transform over the group Zs» = Zy and design a quantum circuit that works with qutrits
and computes their Fourier Transform.

For one qutrit, let us consider the Quantum Fourier Transform in the case for N = 3. By the definition
we saw in class, the element j,k for 0 < j < k < 2 of the Fourier Transform transformation matrix
will be in this case:

(F3)jk =

Let us write this matrix out explicitly:

Fy=— |1

Using the same notation used in question 4, let 0 < z < N — 1 and let us consider its equivalent

representation:
n—1
T = E acn_kSk
k=0

21,y Ty € {0,1,2}. Let us consider the application of F on |z) as we already saw in question 4,
and its equivalent form using the Kronecker product representation which we saw in class. In each
element in the product, let us consider a linear combination of three basis vectors (]0),]1),|2)) instead
of the usual two for qubits:

FN‘$> = FN|$1$2~-~xn—1xn> =

(S -

X (|0> Fe T o) e

2>)

Thus let us construct an augmented version of the Ry gate for qutrits which we will denote as R

Squtrit*

0
R 0

Squtrit ~

1 .
0 e3
0

Oe 55

Then, we construct a circuit similar to that seen in class, but instead of applying Hadamard (which
is the Fourier Transform for the case in which N = 2) initially for each qutrit, we first apply F3 as
defined above and then apply the augmented R sequentially similar to what was seen in class.

Squtrit



So finally let us observe the following circuit for the Fourier Transform for qutrits:

2mi 4mi
Ix2) R R | 10) + €5 [1) 4¢3 [2)

2mi 4mi
) 23 S o vy Y PO P

2mi 4mi
ltn-1) Fy 0) + €3 |1) +€37 |2)

2mi 4mi
Ixn) [Fs | 10y + e 1) +est [2)

Not shown in the figure is the coefficient of % for conciseness. Moreover, as also seen in class,

after applying this circuit, the qutrits are then reversed
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Question 6 - Shor’s Code

Let |¢) = %(K}OO) + |111))®3. Let us observe that this expression is exactly the 9-qubit Shor
codeword for the original state |0). Let us suppose the first qubit of the state is measured. We are
first to calculate the two possible states after the measurement was performed, assuming no errors
occur other than the measurement itself.

Let us observe that each element in |¢) starts with a block of either three zeros or three ones. Thus,
when measuring the first qubit - we immediately know what the second and third qubits are. Thus,
let us consider the two possible results of the measurement. If a 0 was measured:

[9o) = 51000} & (1000) +[111))°?

and if a 1 was measured: )
[01) = 51111) @ (J000) + [111))°

Now we are to calculate what happens in each step of the error correcting procedure. Let us consider
the protocol for Shor’s quantum error-correction as seen in class by its steps:

1. Bit-flip error-correction

Bit-flip error-correction as seen in class guarantees error-correction for up to one bit flip. It uses
auxiliary qubits to determine which qubit has flipped in each triplet block and produces a 2-bit
syndrome with the index of the flipped qubit. Then it applies the X quantum gate upon it to
flip it back.

In the case discussed here, every triplet block in each element of [ig) and |1;1) is composed of
exactly three zeros or three ones either way, because no errors occur other than the measurement.
Thus, all the syndromes of all the triplet blocks for both cases will be measured to 00 and thus
no X gates will be applied and in either case, the state will remain the same. Thus the error-
correcting procedure in this case will yield the state after the measurement, as in |1g) and |¢1).
In the final stage of the Bit-flip error-correction, the protocol decodes the states back from the
block triplets to single qubits and thus at this stage the states will be:

Yo = 3100 ® (0) +11)2 = T+ + =) ® 1) @ 1+)
1

) = 510 ® (0)+ D) =

() =I-Hel+Hel+)

2. Phase-flip error-correction
The phase-flip error correction is applied, as seen in class in the {|+),|—)} basis. We can write
the states as follows:

1
= —=(+++) +|-++
) = (44 4+ =+ 4)
1
= —=(+++) = |- ++
) = (44 = =+ 4)
Using the auxiliary qubits (that are initialized to |00), the states will be:
1
= —=(l+++) + =+ +))[00
) = =1+ )+ =+ )00
1
= —(+++)—|=—++))00
) = =1+ ) = =)0
After applying the phase-flip correction protocol, the states will be:
1
|tho) = —=(|+ 4+ +)[00) + [— + +)|01))

S

2

1

Y1) = —= (14 + +)[00) — |- + +)|01))

S

2
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Now the protocol measures the auxiliary qubit of each element. If the result is 0 - it does not
perform a phase-flip correction because there is no error. If the result is other than 0 - it performs
a bit correction error using the quantum Z gate on the qubit with the index corresponding to the
measurement result. We can see that in both cases - the protocol will produce a final corrected
result. Thus the states at this point will be:

[Yo) = |+ ++)
Y1) =+ ++)

In the final stage of the Phase-flip error-correction, the protocol decodes the states back from
the block triplets to single qubits and thus at this stage the states will be:

o) = [+)

1) = |+)

. Decode Phase
In the final stage of the protocol, we decode the states back to the standard basis using the
Hadamard transform and get the final results of:

|tho) = 10)
|¢1) = 10)

Now, let us recall that the original codeword was the codeword for the original state |0) and
thus the protocol will produce the correct result in either case.
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