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1 Question 1

Let 7 be an w-regular expression and let ¥ be an alphabet such that r € X U {0,-,*,+}. We’'ll show
that there exists an NBW B, such that [B,] = [r].

Reminder: Let us recall that an NBW is a tuple B, = (X, Q, Qo, A, F). For a run p = goqi1go... let us
define inf(p) = {g € Q | Vi € Nj > ig; = ¢} - the set of states visited infinitely often during the run
p. The Biichi acceptance condition is the set F' C @ and a run p of a Biichi automaton is accepting
if it visits F' infinitely often, as in if inf(p) N F # 0.

We'll use complete structural induction on |r| - the length of 7.

e Base case: Since 7 is a w-regular expression, || > 0. Therefore, the base case will be for |r| = 1.
In that case, by the definition of w-regular expressions, it must be that » = (). In that case, by
definition, [r] = [#] = 0. Let B, be an NBW with one non-accepting state.

Formally: B, = (X, Q, Qo, A, F) such that:

Q={q}
Qo = {4}

Vo€ ¥ ; Ao, q) = {q}
F.=0

According to the Biichi acceptance condition - for any run p it will hold that: inf(p) N F =
inf(p) N0 = 0 and therefore [B,] = 0 = [r].

Induction assumption: Let r be a w-regular expression such that 1 < |r| < n. So there exists an
NBW B, such that [B,] = [r].

Induction step: Let r be a w-regular expression such that |r| = n > 1. Since |r| > 1, there exists
two w-regular expression r1, 72 such that one of the following holds:

1. » =171 + ro where 1 and ro are w-regular expressions.

2. 7 =ry - ro where 71 is a regular expression and ry is an w-regular expressions.

3. r =1y where r; is a regular expression.
In all these cases, it holds that |r1| < n and |rz| < n and so the induction assumption holds for

r1 and 7. Let us denote [r1] = Ly and [r1] = Lo.
Let us now split into the 3 aforementioned cases:

1. r=r1 +r9:

From the induction assumption we’ll get that there exist two NBWs B,., = (¥, Qr,, Qo, , Ary, Fry)

and B, == (%, Qr,,Qo,,, Ary, Fy,) such that [B,,] = [ri] = Ly and [B,,] = [r2] = Le.
Applying the semantics function on both sides of the equation yields:

[r] =[r1 +r2] =[] U r2] = [B,]JU[B,] = L1 U Ly



We spoke in class of a construction for an NBW that accepts a union of two NBWs so we
will provide a short correctness argument: let B, = (X,Q,, Qo,,Ar, F.) be a NBA such

that:
QT' = Qn U QT'z
Qo, = Qo,, UQo,,
A=A, UA,
F.=F.,UF,

B, starts with all the accepting states of B,, and B,,, transitions and accepts according to
them - so it accepts the language that is the union L; U Ls. So it will hold that:

[[Br]] = L1 @] L2 = HTH

. T=T1T2

From the induction assumption we’ll get that: since r; is a regular expression, there exists
an NFW N, = (%,Qy,,Qo,, Ay, Fry) such that [N,,] = [r1] = L; and since ry is
an w-regular expression, there exists an NBW B,, = (%,Q.,,Qo,,,Ar,, F},) such that
[B:,] = [r2] = L2. Applying the semantics function on both sides of the equation yields:

[r] = r1-r2] = [r1] - [r2] = [No] - [Br,] = L1 - Lo

We will provide a construction for an NBW that accepts the language L; - La using N,
and B;.,.
Let B, = (Ea Qrv QOM A'I’7 Fr) where:

Qr = er U Qrz
Qo, = Qo,,
Ar =2, UA,U{(g,5,Qo,,) | g€ Fr )}
F.=F,

Claim: [B,] = L1 - Ly We’ll prove this by showing two-directional containment:

[B-] CLy-Ly: Let w € [B,]. Since w got accepted by B,., that means that for some
run p: inf(p) N F. # (. That means that the run visited infinitely many times in some
g2 € F. = F., C @, (x). By the definition of A, - p moved to ¢z only by visiting first
some q; € F,,. Since ¢ is an accepting state of AV;., - that means that there exists a prefix
of w- u € ¥* such that u € [N,,] = L1. From (x) we’ll get that there exists a suffix of w -
v € ¥* such that v € [B,,] = La. Therefore w =u-v € Ly-.

Li-Ly C[B.]: Let w € Ly - La. That means there exists a prefix of w - u € L = [N,,]
and a suffix of w - v € Ly = [B,,] such that w = u-v. Since u € [N, ], there exists a
run p; = q1q2..-qn of N, on w such that g, € F,,. Since v € [B,,], there exists a run
p2 = qigh... of By, on v such that inf(p2) N F,. # () and therefore there exists a state
qr € F, = F,, that is visited infinitely many times in p2. From these two facts and the
construction of B, as non-deterministic - there exists a run ps of B, on w that visits ¢, and
visits g infinitely many times - and therefore accepts w. So w € [B,].

Lr =1

From the induction assumption we’ll get that: since r; is a regular expression, there ex-
ists an NFW N, = (3,Qr,, Qo,, s Ary, Fr,) such that [N;,] = [r1] = L1. Applying the
semantics function on both sides of the equation yields:

[r] =[] = [r]” = LY



We will provide a construction for an NBW that accepts the language LY using N,.,.
Let B, = (2,Qr, Qo,., Ay, F}.) where:

QT = Qn U {q*}

Qo, = Qo,,
Ar = Arl U {(nyf,{q*})v ((q*76)7Q07‘1) | qr € Frl}
Fo={q"}

Claim: [B,] = LY. We'll prove this by showing two-directional containment:

[B:] C LY : Let w € [B,]. Since w got accepted by B,, that means that for some run
p: inf(p) N F., # 0. That means that the run visited infinitely many times in the only
accepting state - ¢*. By the construction of B, - that means that the run visited infinitely
many times in states that are accepting in N, . That means that w is a word composed of
infinitely many words from L; - and therefore w € L% .

LY C[B,] : Let w € LY. That means that w is composed of infinitely many words from
L1. From the construction of B,., that means that there exists a run p that visited infinitely
many times in states that are accepting in N,., and then visits the accepting state in 5, -
q*. Since p visits the accepting state ¢* infinitely many times - inf(p) N F,, # 0 and so
w € [B,]. R

2 Question 2

We will provide a counterexample: Let 3 = {a, b} and let us consider the following w-regular language:

L = {w € ¥ | the number of a’s in w is either even or infinite}

This language is w-regular as one can see that for r = (b*ab*a)*b* U X*(E*aX*)“:

[r] = [(b*ab™a)*b” UE* (Z*ax")*] = L

Let us construct a DBW that accepts L in the following manner: B = (X, Q, qo, J, F') where:

Q={q,92.q3}
qo = q1
3(q1,b) = q1 5 6(q1,0) = q2 5 0(q2,0) = q2
(g2, a) = gs; 50(g3,0) = g3 ; 9(g3,a) = g2
F={q,q}

Let us draw B:

Now, let u = € and v = a. So wv = a and |v| = 1. One can see that B is a minimal DBW L but any
run on wv* = a* induces a sequence of states with a cycle of length 2 > 1 = |v].



3 Question 3

The claim is correct. To prove so, we’ll show first that DBGW = DBW. It is trivial that NBW C
NBGW (as an NBW is a specific case of a NBGW that has one set of accepting states). We showed
in class that DBW C NBW, so we’ll get: DBGW = DBW C NBW = NBGW that corresponds to
DBGW C NBGW.

Lemma: DBGW = DBW: We’ll prove this by showing two-directional containment:

DBW C DBGW: This side is trivial as a DBW is a specific case of a DBGW that has one set of
accepting states.

DBGW C DBW: We will provide a construction that converts a DBGW to a DBW:

Let G = (%,Q, qo,0,{Fi1, ..., F;,}) be a DBGW. Let B = (3, Q, qo, , 0, Fp) such that:

Qy=Q x{1,..,n}
q0, = (90, 1)
o ={((¢,:1),0,(d',5)) | (¢,0,4") €6, if g € Fy: j = ((i + 1) mod n) else j = i}
Fb = F1 X {1}

Claim: [G] = [B] We’ll prove this by showing two-directional containment:
[G] C [B] : Let w € [G]. Since w got accepted by G - by the generalized Biichi automaton acceptance
condition that means that there exists a run pg of G on w such that:
Vi€ {l,...,n}; inf(pc)NE; #0
—=Vie{l,..,n}; ¢ €Q : q; €inf(pg) N F;
—=Vie{l,.,n}; ¢ €Q : g €inf(pc) Nq; € F;

That means that there exist in pg infinitely many configurations of the form:

(%Ji%‘) = (jS,ui)

for all ¢ € {1,...,n} when u; is a suffix of w and o; € %, such that ¢; € F;. By that fact and the
construction of B, that means that there exist a run pp with infinitely many configurations of the
form:

((Qi, i)a Uiui) = ((ka ((Z + 1) mod n)v ul)
for all i € {1,...,n}. That means that specifically, for i = 1 there are infinitely many configurations

in pp of the form:
((QD 1),01U1) % ((lev (2 mod n)a U1)

such that ¢; € Fy. That means that (¢;,1) € inf(pp). Since ¢1 € Fi - we have that (¢1,1) €
Fy x {1} = F, and thus inf(pg) N Fy, # 0. Therefore - w € [B].
[B] € [G] : Let w € [B]. Since w got accepted by B - that means that there exists a run pg of B on

w such that:
inf(pp) N Fy =inf(pp) N F1 x {1} # 0
= 3Hq1,1) €Qp : (q1,1) €inf(ps) N Fy x {1}
= Hq1,1) €Qp : (q1,1) €inf(ps) A (q1,1) € Fy x {1}

when ¢; € Fy. That means that pp visits infinitely many times in (g1, 1). By the construction of B -
that means that there are infinitely many configurations in pp of the form:

((q1,1), 0102...00u) = ((gj,, (1 + 1) mod n), og...0nu) = ((g;,, (2 mod n), og...00u) = ((gj,, 2, T2...001)

assuming without loss of generality that n > 2, when w is a suffix of w and for all i € {1,...,n}; 0, € &,
such that ¢; € F. By the construction of B - since pp visits infinitely many times in (g, 1), there
must be a configurations in pp of the form:

((qj1727 02"'Jnu) =*> ((qlv 1)7u/)



where «’ is a suffix of u. Once again by the construction of B - that means that for all ¢ € {1,...,n} -
pp visits infinitely many times in (g;,4) and by the definition of §; we get that there for all i € {1,...,n}
there exist ¢; € F;. Therefore, once again by the definition of J, - there exists a run pg with infinitely
many configurations of the form:

(%Uiui) = (Qkiaui)

for all ¢ € {1,...,n} when w; is a suffix of w and o; € X, such that ¢; € F;. That means that
Vi€ {l,...,n}; inf(pg) N F; # 0 and by the generalized Biichi automaton acceptance condition that
means that w € [B5]. &

4 Question 4

Let ¥, ={0,1,...,n — 1} and let ®,, denote addition modulo n. Let:

L, = {w € Xy | dk € X, : theletter k appears finitely often in w

and the letter k &,, 1 appears infinitely often in w}

We will provide a an w-automaton A such that [A] = L,, that has O(n) states. We will choose the
NRW - nondeterministic Rabin automaton A = (X,,, @, Qo, A, R) where:

Q=%,=1{0,1,..n—1}
Qo=@
A={(i,0,0) |ieQ=%,0€%,}
R={({kon1},{k}) [ k€ Q}

One can see that |Q] = O(n).
Correctness argument: The states of the automaton are all the letters in %, - the numbers from 0 to
n — 1. Given a word w € X%, a run p of A on w will pass through the states corresponding to the

letters in the word - as defined by the transition function A. By the definition of the Rabin acceptance
condition, given R’ = {(G;,B;) V1 <i<k : G;,B; CQ}, - arun p’ is accepting iff:

Ji o inf(P)NG; ZONinf(p))NB; =10
By that and the definition of R - p is accepting iff:
ko oinf(P)N{k D 1} £ D Ninf(p)N{k} =10

That means that p is accepting iff it passes infinitely many times in k @,, 1 and finitely many times in
k, and that corresponds exactly to the condition for w to be in L.

5 Question 5

Let Ry and Ry be finitary properties, as in Ry, Ry C X*.

5.1 Section a

In this section we are to show that recurrence properties are closed under union. Let us recall that a
recurrence property of a finitary set V' is an infinitary property W that contains all the infinite words



that have infinite prefixes in V, as in W = Rppes(V) = {w € ¥ | Vidj > i : w[...j] € V}. So let us
assume that there exist two recurrence properties P; and P, such that:

Pl = RPref(Rl)

Py = Rpref(R2)
We are to show that P; U P, is also a recurrence property.

Claim: P; U Py, = Rppes(R1 U Ry) We'll prove so by simultaneous two-directional containment. Let
w e XY,

wePUP, s we 'R,pref(Rl) URP»,-ef(RQ) S w e RPT'ef(Rl) Vw e 'Rpref(Rg)
swef{w eX¥|Vidj; >i : w.j]€R}Vwe{w €X¥|Vidjs >i : w|..ja] € Ra}
S Vidjp ¢ j1 >4 0 wl..g1] € R VVidja > 1 wl...ja] € Ry < Vidj = max{j1,j2} > i : w[...J] € R1 URy
swef{w e |Vidj>i : W[.j]€ RiUR} & w € Rpres(R1 URy) A

5.2 Section b

In this section we are to show that Rpyes(R1) "Rpref(R2) # Rpref(R1NR2). To do so, we'll provide
a counterexample. Let us consider ¥ = {a} and:

Ry = {a" | i is prime }
Ry = {a’ | i is not prime }

Of course, R1 N Ry = () so by definition Rpyer(R1 N R2) = Rprer(0) = 0.
Claim: a* € Rppef(R1) N Rpref(R2) Since there are infinitely many prime numbers:

VieN : 35> : jisprime —Vidj >i : a*[..j]=a’ € Ry — a* € Rpres(R1)
And since there are infinitely many non-prime numbers:
VieN : 3j >4 : jisnot prime — Vidj >i : a*[..j] = a’ € Ry = a* € Rppes(R2)
So a* € Rpref(R1) N Rpref(R2) M. Finally, we get Rpref(R1 N R2) # Rpref(R1) N Rpref(Ra2).

5.3 Section ¢

Let:
minex(Ri, Ro) = {uz € Ry

Ju; € Ry ¢ ug <ug APuhy € Ry u1<u’2<u2}

Let us observe that minex(R;, R2) is the language of all the words from R» that have a proper prefix
up in Ry and are minimal in that property, in a sense that for all us € minex(R;, Re) there aren’t
any other words from Ry that have the same proper prefix u; and are a proper prefix of us.

Claim: Rpref(R1) N Rpref(R2) = Rpres(minex(R1, R2)) We'll prove so by two-directional contain-
ment.

Rpref(Rl) N Rpref(Rg) - Rpref(minex(Rl, Rs)) : Let w € RPref(Rl) N Rpref(RQ). Then:

w e RPref(Rl) ANw € Rpref(R2>
= we{w €Y |Vidjy >i : w[.j1] €E Ri}Awe{w €Y |Vidjo >i : w[..jo] € Ra}
= V’Lﬂjl > w[‘]l} € Ry /\Viajz > w[]Q] € Ry
Since for all ¢ € N, there exists some index j; € N such that wl...j1] € Ry and some index js € N such

that w[...ja] € Ra, minex(Ry, Ry) will depend on the relation between j; and js.
Let 7« € N. Let us split into two cases:



1. If the corresponding indices ji,j2 hold that there isn’t any js € N such that: j; < js < ja
and w[...j1] < w[...j3] < w[...j2] then by the definition of minex we’ll have that w[...ja] €
minex(Ry, Rz). This holds for all i € N, so we’ll have by the definition of Rpps that w €
Rpref(minex(R1, R2)).

2. If there exists j3 € N such that: j; < js < j2 and w[...j1] < w[...j3] < w]...J2] then let j5 be the
minimal index that holds for that condition. Then by the definition of minexr we’ll have that
wl...j3] € minex(Ry, Re). This once again holds for all ¢+ € N, then we’ll have by the definition
of Rpres that w € Rprep(minex(R1, Ry)).

Rpref(minex(R1, R2)) € Rpref(R1) N Rpres(R2) : Let w € Rprep(minex(Ry, R2)). Then:

W € Rpref(minex(R1, R2))
= we{w eX¥|Vidj >i : w'..j] € minex(Ry, Rs)}
= Vidj > i : w|...j] € minex(Ry, Ry)
= Vidj >i : wl.j]€ Ry : Jug € Ry : ug < wl..j]APuh € Ry : uy < uhy < wl...j]
= Vidj >i : wl.j]€Ry : Ik<j : wl.k]€Ry : wl.k] <w[.j]APu) € Ry : w[.k] <ub < w|..j]

Let 7 € N. The corresponding indices j, k hold that j > ¢ and 57 > k. Let us split into two cases:

1. If £ > ¢ then we have:

wl...j] € Ro Awl..k] € Ry : w[...k] < w[..j] Afub € Ry : w[...k] < ub < wl...j]
= we{w €Y |Vidjy >i : W[.j1] ERi}Awe{w €X¥|Vidjo >i : w[..jo] € R}
= w € Rpref(R1) Aw € Rpres(Ra)
— w € Rpref(Rl) n RPref(RQ)

2. If k < ¢ then let us observe that there exists j° > j such that:

Jwl...5"] € minex(Ry, Ra)
= 3Im<j : wl.m]€Ry : wl.m] <w[.j]ADus € Ry : w[..m] < uh < w]...5']

Let us assume towards contradiction that m < i. Then we’ll get that:
Jwl[...i] € Ry : w[..m] < w[...i] < w]...j']

thus contradicting the former reasoning. Therefore we have that there exists m € N such that
m > ¢ and:

w[...j] € Ry Aw|[..m] € Ry : w[..m] < w[...j]APuy € Ry : w[..m] < uh < w]...j]
—we{w €Y |Vidj; >i : W] €ERi}Awe{w €X¥|Vidjo >i : wl..jo] € Ro}
— w E Rpref<R1) ANw € Rpref(Rg)
= w € Rpref(Rl) N Rpref(Rz) [ |

5.4 Section d

In this section we are to show that recurrence properties are closed under intersection. In the last
section we proved that given two finitary properties R; and R, - the intersection of their corresponding
recurrence properties Pi = Rppef(R1) and Po» = Rpref(R2), as in Rpres(R1) N Rpres(R2) is a recur-
rence relation of the finitary property minex(R;, Ry), and so using this construction - the recurrence
property is closed under intersection. W



5.5 Section e

In this section we are to show that persistence properties are closed under union and intersection. Let
R, and Rs be finitary properties, as in R, Rs C ¥*. From the duality properties of the linguistic
characterizations we saw in class, we know that for a finitary property R:

(%) Rpref(R) = Pprey (R)

Closure under union: Let us consider the Ppyrer(R1) U Ppres(R2). From (x):

PPref (R1> U 7)Pref<R2) = RPref (E) ) RPTef (E)

From De Morgan’s laws:

Rpref(R1) URpref(R2) = Rpres(R1) NRpres(R2)
From the construction shown in the previous sections for an intersection of two recurrence properties:
Rpref(R1) N Rpref(R2) = Rpres(minex(Ry, Rz))
—> Rpref(R1) NRpref(R2) = Rprey(minex(Ry, Ry))

From (%) again:

Rpref(minex(Ry, R2)) = Ppres(minex(R, Ra))
So finally:
Prref(R1) U Ppref(R2) = Ppref(minex(Ry, R2))

So we saw a construction for a closure to a union of two persistence properties. W
Closure under intersection: Let us consider the Ppres(R1) N Ppref(R2). From (x):

PPref (Rl) N PPref (RZ) = RPref (R71) N RPref (E)

From De Morgan’s laws:

RPref (E) N RPref (E) - RPref (E) U RPref (E)
From the construction shown in the previous sections for a union of two recurrence properties:
RPref (R71) U RPref (E) = RPref (Ril U E)
- RPref (E) U RPref (E) - RPref (E U FZ)

From (%) and De Morgan’s laws:

RPref(R71UR72) = PPref(EUE) = PPref(Rl N RQ)

So finally we have:
Ppref(R1) N Ppref(R2) = Ppres(R1 N Ry)

So we saw a construction for a closure to an intersection of two persistence properties. W

6 Question 6

Let L C X¢ be an infinitary language. Let us consider the following definition of a finite words
relation: For z,y € ¥* we have that:

r=pyeVzed txzelsyzel



6.1 Section i

In this section we are to prove that the relation =j, is an equivalence relation. To do so, by definition,
we’ll need to show that =p, is transitive, reflexive and symmetric.

Transitivity: Let z,y,z € ¥* and let us assume that x = y and y =; 2. We have to show that
x =y, z. Since x =, y, by definition we have that:

(x)Vpex¥ : zpelesypel
Since y =p, z, by definition we have that:
(xx)VpeX¥ : ype Lo zp € L

Let ¢ € X¢ and let us assume that z¢ € L. From (x) we’ll get yy € L. From (xx) we'll get 2z € L.
Now let us assume that x¢) ¢ L. From (%) we'll get yv» ¢ L. From (xx) we’ll get z1) ¢ L. So we got
xp € L < z1p € L and by definition x =, 2.

Reflexivity: Let x € ¥*. We have to show that x =p x. It is obvious that:

VpedX®  xpeLsapeL

S0 T = .
Syymertricity: Let =,y € ¥* and let us assume that x =; y. We have to show that y =, z. Since
x =1, y, by definition we have that:

VpeX¥ el s ypelL

That of course means that:
VpeX¥ cypelLsapeL

so we have that y = «.

6.2 Section ii

In this section we are to prove or refute the following claim: If L is accepted by a DBA then the
number of equivalence classes in =, is finite.

Claim: The claim is correct To prove so, let L C ¥ and let us assume that L is accepted by a DBW
D=(%,Q,q,0,F), as in [D] = L. Let us denote for any finite word w € ¥* : r,, to be the only run
of D on w (due to D being deterministic) and ¢, to be the final state in that run (which exists because
w is final and D is deterministic), as in 7, = qoq1...qw- Moreover, let us denote for any infinite word
w € XY : py to be the only run of D on w and let us call a sub-run a partial run of some run.
Lemma: For all z,y € ¥¢ if x #p, y then ¢, # qy.

To prove so, we’ll assume towards contradiction that ¢, = ¢,. Since  #, y that means that (without
loss of generality) there exists z € ¥* such that zz € L and yz ¢ L. Since we assumed that [D] = L,
that means that xz is accepted by D while yz is not. Since we assumed that ¢, = ¢, that means that
the runs of D on x and y - r, and r, respectively are:

(90, 22) = (4z, 2)
(90:92) = (ay, 2)
and since ¢ = qy:
)
)

(42
(¢e

(qO,(EZ)

*
= 4
(ql:)ayz):ﬂ<> ) 2

©



Since 2z € L, then it holds that the inf(p,.) N F # (. That means that there exists an accepting
state g¢ € F' such that the run p,, visits it infinitely many times. Since r, is final, that means that
the sub-run of p,. after r, also visits infinitely many times in g¢. Since ¢, = g, the sub-run of p,.
after r, is that same as the sub-run of p,, after r, - so the sub-run of p,, after r, also visits infinitely
many times in g and since r, is final, that means that p,, also visits infinitely many times in ¢; and
so we get that yz € [D] = L, contradicting that yz ¢ L I

Let us now return to the original proof: let us assume towards contradiction that the number of
equivalence classes in =, is infinite. That means that there exist infinitely many words wq, wa, ... € ¥*
such that Vi # j : w; # w;. From the lemma we get that since Vi # j : w; Zw; -Vi#j : q; # qj.
That means that we get infinitely many different states, contradicting that the number of states in D
is final. W

6.3 Section iii

In this section we are to prove or refute the following claim: If L is accepted by a DBA then the
number of states in a minimal DBA is equivalent to the number of equivalence classes in =y,.
Claim: The claim is incorrect To prove so, we’ll provide a counterexample. Let D = (X, Q, qo, 6, F)
be a DBA such that:

Q ={aq1, ¢}

do = q1
3(q1,0) = q1 5 6(q1,a) = q2
6(g2,0) = q1 5 6(q2,a) = 2
F = {g}

Let us draw D:

start — e

Let L = ¥*a“. One can see that [D] = L, as in the language D accepts is the language of all words
that have infinite a’s in them. Since the condition of infinite @’ must be checked with an accepting
state, there has to be an additional state for words that does not have infinite a’ in them. So the
minimal number of states to accept L is 2 - the same number as in D and so it is a minimal DBA for
L. Since D only accepts words with infinite a’s, it has only one equivalence class, which is less that
the number of states in a minimal DBA that accepts it. So the claim is incorrect. W
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